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GLOBAL OUTLINE

❖ I. Basics of Average-reward RL
Regret definitions.
Gain, Bias, Diameter, Span.
Average-optimal Bellman operators, and Value iteration.

❖ II. Regret minimization algorithms
UCB for MDPs, TS for MDPs.
Concentration inequalities.
Instance-dependent performance bounds for bandits and MDPs.

❖ II. Extensions
The most confusing instance paradigm.
IMED for MDPs.
Linear quadratic and beyond.
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REINFORCEMENT LEARNING

Learning to act in an unknown/uncertain environment

Learning by Trials and errors (automated)

Decisional AI : choose an action at each decision step.
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TWO FRAMEWORKS

Learning by Trials and Errors
Sequential (adaptive) Decision making

❖ Multi-armed Bandits (MAB)

Uncertainty

❖ Markov Decision Process (MDP)

Dynamics
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Take home message

Regret-minimization in MDPs.
Communicating vs Ergodic MDPs.
Invariant probability measure .
Poisson equation , gain gπ, bias bπ.
Diameter D, Span semi-norm S(.)
Average-value iteration
Intrinsic contraction , coalescence: No discount is ok.
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WHY REGRET MINIMIZATION?

In a simulated world , mistakes have marginal cost (you can die and restart).
In the real-world , mistakes are costly, you cannot restart.

To address Sim-to-real gap, regret minimization captures
the cost of mistakes while learning.
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Example: Agronomy trials

• Similar fields (yellow cohort, orange cohort) = similar MDPs.

• A few practices you are uncertain about.
• Perform many trials , repeatedly in space and time.
• Each trial is costly: minimize cumulative errors .
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OUTLINE

1] Value and regret

2] Complexity measures

3] ...
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Notations

Markov Decision Process M = (S, A, r, p)
Reward distribution function r : S × A → P(R), and mean m : S × A → R.
State transition distribution function p : S × A → P(S).

❖ Each policy π : S → P(A) induces a Markov chain Mπ = (S, rπ, pπ):

(Policy mean) mπ(s) =
∑

a∈As
m(s, a)π(a|s),

(Policy transition) pπ(s ′|s) =
∑

a∈As
p(s ′|s, a)π(a|s),

(t-step transition) pt
π(s ′|s) = Pπ(st = s ′|s1 = s) .
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Total/Discounted/Average Value
The cumulated value of policy π run for T steps from initial state s1 is

VT ,π(s1) = E
[ T∑

t=1
r(st , at)

]
=mπ(s1) + (pπmπ)(s1) + . . .=

T∑
t=1

(pt−1
π mπ)(s1) .

where at ∼ π(st), st+1 ∼ p(·|st , at), r(s, a) ∼ r(s, a) with mean m(s, a).

For a policy π, the total-average/average/discounted values are:

vT ,π = pT ,πmπ vπ = pπmπ vγ,π = pγ,πmπ, where

pT ,π = 1
T

T∑
t=1

pt−1
π , pπ = lim

T→∞

1
T

T∑
t=1

pt−1
π , pγ,π = (1 − γ)

∞∑
t=1

γt−1pt−1
π
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Markov chain terminology

❖ π is Irreducible if all states are communicating under π:

∀s, s ′ ∈ S, ∃t <∞ : pt
π(s ′|s) > 0.

❖ M is Communicating if every pair of states commnunicate under some policy

∀s, s ′ ∈ S, ∃π, ∃t <∞ : pt
π(s ′|s) > 0.

M is “Ergodic” if every pair of states commnunicate under all policies

∀π∀s, s ′ ∈ S, , ∃t <∞ : pt
π(s ′|s) > 0.
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Example: Riverswim MDP

S = {1, 2, . . . , L}, A = {left,right}, p = 0.4 to reach right when go right.Tightening Exploration in Upper Confidence RL

Algorithm 4 UCRL3 with input parameter δ ∈ (0, 1)

Initialize: For all (s, a), set N0(s, a) = 0 and v0(s, a) = 0.
Set δ0 = δ/(3 + 3S). Set t0 = 0, t = 1, k = 1, and observe
the initial state s1
for episodes k ≥ 1 do

Set tk = t
Set Ntk (s, a) = Ntk−1(s, a) + vk(s, a) for all (s, a)
Compute empirical estimates �µtk (s, a) and �ptk (·|s, a) for all
(s, a)
Compute (see Algorithm 3)

π+
tk

= EVI-NOSS
�
�ptk , ctk,δ0 , Ctk,δ0 ,max

s,a
Ntk (s, a),

1√
tk

�

while vk(st,π
+
tk
(st)) < Ntk (st,π

+
tk
(st))

+ do
Play action at = π+

tk
(st), and observe the next state st+1

and reward rt(st, at)
Set vk(st, at) = vk(st, at) + 1
Set t = t+ 1

end while
end for

In Lemma 4 below we show that Ls,a is always controlled by
the number Ks,a of successor states of (s, a) 9. The lemma
also relates Ls,a to the Gini index of the transition distri-
bution of (s, a), defined as Gs,a :=

�
x∈S p(x|s, a)(1 −

p(x|s, a)).

Lemma 4 (Local effective support) For any (s, a):

Ls,a ≤ Ks,aGs,a ≤ Ks,a − 1 ≤ S − 1.

Theorem 1 (Regret of UCRL3) With probability higher
than 1− 4δ, uniformly over all T ≥ 3,

R(UCRL3, T ) ≤ c

�
T log

�
6S2A

√
T+1

δ

�

+ 10DKS2/3A2/3T 1/3 +O
�
DS2A log2

�
T
δ

��
,

with c = 5
��

s,a D
2
sLs,a + 4

√
SA+ 2D. Therefore, the

regret of UCRL3 asymptotically grows as

O
����

s,a

�
D2

sLs,a ∨ 1
�
+D

��
T log(

√
T/δ)

�
.

We now discuss the regret bound of UCRL3 with
respect to that of UCRL2B. As shown in Table
1, the latter algorithm attains a regret bound of
O(

�
D

�
s,a Ks,aT log(T ) log(T/δ)). The two regret

bounds are not directly comparable: The regret bound of
UCRL2B depends on

√
D whereas that of UCRL3 has a

term scaling as D. However, the regret bound of UCRL2B
suffers from an additional

�
log(T ) term. Let us compare

the two bounds for MDPs where quantities such as Ks,a,

9We recall that for a pair (s, a), we define Ks,a :=
supp(p(·|s, a)), and denote its cardinality by Ks,a.
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Figure 2. The L-state RiverSwim MDP
S D minsDs maxsDs mins,aLs,a maxs,aLs,a

6 14.72 1.67 6.66 0 1.40
12 34.72 1.67 6.67 0 1.40
20 61.39 1.67 6.67 0 1.40
40 128.06 1.67 6.67 0 1.40
70 228.06 1.67 6.67 0 1.40
100 328.06 1.67 6.67 0 1.40

Table 1. Problem-dependent quantities for S-state RiverSwim.

Ls,a, and Ds are local parameters in the sense that they
do not scale with S, but where D could grow with S (one
example is RiverSwim) — In other words, Ks,a, Ls,a, and
Ds scale as o(S). In such a case, comparing the two bounds
boils down to comparing (

√
SA +D)

�
T log(T ) against�

DSAT log2(T ). When T ≥ exp
� (D+SA)2

DSA

�
the effect

of
�
log(T ) is not small, and the regret bound of UCRL3

dominates that of UCRL2B. For instance, in 100-state River-
Swim, this happens for all T ≥ 71. It has been left open
whether this latter extra factor can be removed.

4. Numerical Experiments
In this section we provide illustrative numerical experiments
that show the benefit of UCRL3 over UCRL2 and some
of its popular alternatives. We conduct numerical experi-
ments to examine the performance of the proposed variants
of UCRL2, and compare it to that of state-of-the-art algo-
rithms such as UCRL2, KL-UCRL, and UCRL2B. For all
algorithms, we set δ = 0.05 and use the same tie-breaking
rule (see Appendix E).

In the first set of experiments, we consider a S-state River-
Swim environment (corresponding to the MDP shown in
Figure 4). To better understand Theorem 1 for such environ-
ments, we report in Table 1 a computation of some of the
key quantities appearing in the regret bounds, as well as the
diameter D, for several values of S.

We further provide in Table 2 a computation of the leading
terms of several regret analyses. More precisely, for a given
algorithm A, we introduce R(A) to denote the regret bound
normalized by

�
T log(T/δ) ignoring universal constants.

For instance, R(UCRL2) = D
√
SA.10 In Table 2, we com-

pare R for various algorithms, for S-state RiverSwim for
several values of S. Note that R(UCRL2B) grows with T
unlike R for UCRL2, SCAL+, and UCRL3. Note that even

10Ignoring universal constants here provides a more fair com-
parison; for example the final regret bound of UCRL2 has no
second-order term at the expense of a rather large universal con-
stant. Another reason in doing so is that for UCRL2B and SCAL+,
universal constants in their corresponding papers are not reported.

Communicating , but not ergodic : policy going left is not irreducible (e.g.
not possible to reach state 4 starting from state 3)
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Example: Gridworld MDP

S = { positions in the maze }, A = {up,down,left,right}, reward 1 in yellow
state, 0 else. Proba p = 0.9 to reach desired state.
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8

Communicating , but not ergodic .
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Example: Randomly Generated MDP

Generic Commmunicating MDP with stochastic transitions.

Communicating , usually not ergodic .
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OUTLINE

1] Value and regret

2] Complexity measures

3] Fundamental quantities

4] ...
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Regret of learning agent
Set of (stationary) average-optimal policies:

O(M, s1) = {π ∈ Π : vπ(s1) ⩾ max
π

vπ(s1)}, O(M) =
⋂
s∈S

O(M, s)

Learning while optimizing in a single stream of interaction.

The cumulated value of π = (πt)t (that plays policy πt at time t ∈ [T ]) is

VT ,π(s1) = E
[ T∑

t=1
r(st , at)

]
=

T∑
t=1

(( t−1∏
t′=1

pπt′

)
mπt

)
(s1)

The cumulated regret of π = (πt)t with respect to an optimal policy π⋆ is

RT (π) = VT ,π⋆(s1) − VT ,π(s1) where π⋆ ∈ O(M)
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Sample-complexity vs Regret minimization
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Sample-complexity vs Regret minimization

Sample-complexity: Easy. Regret minimization: Easy.
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Sample-complexity vs Regret minimization

Sample-complexity: Easy. Regret minimization: Impossible

.
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Diameter

❖ The Diameter of an MDP is the largest shortest path (path with minimal
expected length) between any two states:

D(M) = max
s,s′∈S

min
π

E[min{t > 1 : st = s ′}|s1 = s]

❖ A finite, communicating MDP has finite diameter

❖ In grid-world type MDPs:

D(M) ≃ length of shortest path between maximally distant states
probability of reaching desired next state .

E.g. River-swim D ≃ L/p. Two-room MDP: D ≃ 15/p
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OUTLINE

1] Value and regret

2] Complexity measures

3] Fundamental quantities

4] Average value iteration

5] ...
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Gain

❖ Definition (gain)
The average value vπ = pπmπ is also called the gain , denoted gπ.
A gain optimal policy ⋆ satisfies g⋆ = max

π
gπ.

❖ Invariance pπgπ = gπ, thanks to the property:

pπpπ = pπpπ = pπpπ = pπ .

❖ The gain is a constant function of the initial state in a communicating MDP:
∀s, gπ(s) = g
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Bias
❖ Definition (Bias function)

bπ =
∞∑

t=1
(pt−1

π − pπ)mπ = [I − pπ + pπ]−1[I − pπ]mπ ,

❖ Selectivity of gπ vs bπ
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8

Red state absorbing with reward 1 (0 elsewhere).

All policies reaching red state satisfy
pπmπ = gπ = 1 and are optimal.

bπ tells how long π takes to reach it.

(Beyond: ”Blackwell” optimality)
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Bellman equation

Lemma (Bias and Gain)

(Poisson equation) bπ = mπ − gπ + pπbπ

❖ Similar to Bellman equation for bπ, except for additional gπ:
(Bellman equation) Vγ,π = mπ + γpπVγ,π

(Discounted Bellman equation) vγ,π = (1 − γ)mπ + γpπvγ,π

mπ − gπ = (I − pπ)mπ “similar to” (1 − γ)mπ

❖ Unlike Bellman equation, Poisson equation admits many solutions:

if bπ then bπ + c1 is also solution for all constant c.
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The Span semi-norm

No contraction of the Bellman operator in the usual sense (∥ · ∥∞) !

❖ The span operator is

S(f ) = max
x

f (x) − min
x

f (x)

•It satisfies S(f + c1) = S(f ) for any constant c.
•It is a semi-norm.

❖ In some cases (see Bonus), contraction in S(·) (instead of ∥ · ∥∞)



23

Regret decomposition
❖ Sub-optimal gap (aka advantage function) is

∆(s, a) = m⋆(s) + (p⋆b⋆)(s) − ma(s) − (pab⋆)(s)
= Q(s, π⋆(s)) − Q(s, a)

Pseudo-regret
Consider a communicating MDP and π = (πt)t policy

RT (π) =
∑
s,a

Eπ[NT (s, a)]∆(s, a)︸ ︷︷ ︸
pseudo-regret

+
([ T∏

t=1
pπt − pT

⋆

]
b⋆

)
(s1)︸ ︷︷ ︸

⩽S(b⋆)

.

❖ Reminiscent of multi-armed bandits!
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Proof outline
VT ,π(s1) =

T∑
t=1

( t−1∏
t′=1

pπt′ mπt

)
(s1) =

T∑
t=1

( t−1∏
t′=1

pπt′ (gπt + (I − pπt )bπt )
)
(s1) .

When g⋆,s1 ≡ g⋆ (e.g. unichain optimal policy), then ∀π, (pπg⋆)(s1) ≡ g⋆:

RT (π) =
T∑

t=1

( t−1∏
t′=1

pπt′ [(g⋆ − gπt ) + (I − pπt )(b⋆ − bπt )︸ ︷︷ ︸
∆πt

]
)
(s1)

+
T∑

t=1

(
[pt−1

⋆ − pt
⋆ −

t−1∏
t′=1

pπt′ +
t∏

t′=1
pπt′ ]b⋆

)
(s1)

=
( T∑

t=1

( t−1∏
t′=1

pπt′

)
∆πt

)
(s1) +

([ T∏
t′=1

pπt′ − pT
⋆

]
b⋆

)
(s1)︸ ︷︷ ︸

⩽S(b⋆)

.
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Proof outline II

∆π(s) = g⋆ − gπ(s) + (I − pπ)(b⋆ − bπ)(s)
= m⋆(s) − mπ(s) + ([p⋆ − pπ]b⋆)(s)
= Eπ[∆(s, a)] .

T∑
t=1

[pπ1pπ2 . . . pπt−1∆πt ](s1) =
∑
s,a

T∑
t=1

Eπ1,...πt [∆(s, a)I{St = s, At = a}]

=
∑
s,a

∆(s, a)E[NT (s, a)] .
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Span and Diameter

Assuming r is supported in [−B, B], S(b⋆) ⩽ B × D(M)
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OUTLINE

1] Value and regret

2] Complexity measures

3] Fundamental quantities

4] Average value iteration

5] Bonus: Intrinsic contraction
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Value iteration
Given M, how do we compute π such that g⋆ − gπ ⩽ ε?

Value iteration computes a sequence of functions (un)n∈N and policies
(πn)n∈N according to the following equations

∀n ∈ N


un+1(s) = max

a∈A
m(s, a) + (paun)(s) , where u0 = 0

πn+1(s) ∈ Argmax
a∈A

m(s, a) + (paun)(s) .

πn+1 is called a un-improving policy (Greedy w.r.t. un).

un =
n∑

i=1

(
pπn . . . pπi+1

)
mπi



27

Value iteration
Given M, how do we compute π such that g⋆ − gπ ⩽ ε?

Value iteration computes a sequence of functions (un)n∈N and policies
(πn)n∈N according to the following equations

∀n ∈ N


un+1(s) = max

a∈A
m(s, a) + (paun)(s) , where u0 = 0

πn+1(s) ∈ Argmax
a∈A

m(s, a) + (paun)(s) .

πn+1 is called a un-improving policy (Greedy w.r.t. un).

un =
n∑

i=1

(
pπn . . . pπi+1

)
mπi



28

Value iteration errors

Average-gain guarantee? When to stop?

Value error control
Let ε > 0 and n be such that g⋆ − gπn+1 ⩽ ε. Then

V⋆,T (s1) − Vπn+1,T (s1) ⩽ b⋆,T (s1) + εT + S(bπn+1) .

(where b⋆,T is T -step truncation of b⋆).

How to control S(bπn+1)? How to ensure g⋆ − gπn+1 ⩽ ε?
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Span is controlled by diameter
Lemma)
For all n (starting from u0 = 0), if rewards are bounded by 1,

S(un) ⩽ D(M), S(bπn) ⩽ D(M) .

Sketch (informal):

•Otherwise ∃s1, s2 s.t. un(s1) − un(s2) > D, that is un(s2) < un(s1) − D.
•However, it takes at most D steps to reach s2 from s1, by some policy
πFast . Since rewards are bounded by 1, we loose at most D rewards by
following πFast from s2 to reach s1 then continue.
•The value of such a combined policy is at least un(s1) − D, and un(s2)
should be larger than this quantity by optimality.
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Gain optimality of VI

How to ensure g⋆ − gπn+1 ⩽ ε? Answer: stop when S(un+1 − un) ⩽ ε

Lemma [Sandwich bounds]

∀n ∈ N, pπn+1 [un+1 − un] ⩽ gπn+1 ⩽ g⋆ ⩽ p⋆[un+1 − un] .

Proof hint: gπ = mπ + pπbπ − bπ = Tπ[bπ] − bπ

Corollary [Value and gain]
For each n, it holds g⋆ − gπn+1 ⩽ S(un+1 − un).
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OUTLINE

1] Value and regret

2] Complexity measures

3] Fundamental quantities

4] Average value iteration

5] Bonus: Intrinsic contraction
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Contraction

Value iteration usually relies on existence of a fixed point ...

❖ But under average-gain, there is no discount (γ = 1.)
Where is the contraction property?
Is value iteration converging at all (no discount) ?
Where is contraction of Bellman operator Tπ[f ] = mπ + pπf ?

❖ It turns out, contraction property may hold w.r.t. to the Span operator S(f ) =
maxx f (x) − minx f (x), instead of the ∥ · ∥∞ norm.
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Contraction properties

Lemma [Contraction in span semi-norm]
The Bellman operator has the following contraction property:

∀f , g ∈ RS , S(Tπ[f ] − Tπ[g ]) ⩽
1
2∥pπ(·|s) − pπ(·|s)∥1S(f − g)

where s = argmaxs∈S pπ(f − g)(s), s = argmins∈S pπ(f − g)(s) .

❖ Further,

1
2∥pπ(·|s) − pπ(·|s)∥1 = 1 −

∑
s′∈S

min(pπ(s ′|s), pπ(s ′|s))

The higher the probability of reaching same states from s and s, the more con-
traction.
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Contraction as coalescence

❖ The higher the probability of coalescing from two different states,
the more contraction .

Remark: In discounted MDP , 1 − γ interprets as probability to reach same
external state ⊥ from any state: all policies coalesce in a single step.
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Intrinsic contraction coefficient

Definition [Policy contraction coefficient]
We define the one step and multi-step contraction coefficients as:

∀k, γπ,k = max
s1,s2

1
2∥pk

π(·|s1) − pk
π(·|s2)∥1 = 1 − min

s1,s2

∑
s′∈S

min(pk
π(s ′|s1), psk

π(s ′|s2))

❖ In particular
S(T k

π [f ] − T k
π [g ]) ⩽ min

ℓ∈{1,...,k}
γ

k/ℓ
π,ℓ S(f − g)

Suggests multi-step analyses min{k : γπ,k < 1}.
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OUTLINE

1] Value and regret

2] Complexity measures

3] Fundamental quantities

4] Average value iteration

5] Bonus: Intrinsic contraction



35

Self-check

Regret-minimization in MDPs.
Communicating vs Ergodic MDPs.
Invariant probability measure .
Poisson equation , gain gπ, bias bπ.
Diameter D(M), Span semi-norm S(.)
Average-value iteration convergence and stopping criterion.
Intrinsic contraction , coalescence: No discount is ok.
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