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GLOBAL OUTLINE

« |. Basics of Average-reward RL

Regret definitions.

Gain, Bias, Diameter, Span.

Average-optimal Bellman operators, and Value iteration.

< Il. Regret minimization algorithms

UCB for MDPs, TS for MDPs.

Concentration inequalities.

Instance-dependent performance bounds for bandits and MDPs.

< |l. Extensions
The most confusing instance paradigm.
IMED for MDPs.

Linear quadratic and beyond.
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REINFORCEMENT LEARNING

Learning to act in an unknown/uncertain environment

Learning by Trials and errors REMIIIE)]

DITISEIWAUM: choose an action at each decision step.



TWO FRAMEWORKS

Learning by Trials and Errors
Sequential (adaptive) Decision making

% Multi-armed Bandits (MAB) % Markov Decision Process (MDP)

p(s'ls,a)

Uncertainty



Take home message

Regret-minimization in MDPs.
Communicating vs Ergodic MDPs.
Invariant probability measure .
Poisson equation , gain g, bias b,.
Diameter D, Span semi-norm S(.)
Average-value iteration

]
M
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M
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M
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Intrinsic contraction , coalescence: No discount is ok.




WHY REGRET MINIMIZATION?

Ina simulated world , mistakes have marginal cost (you can die and restart).
In the real-world , mistakes are costly, you cannot restart.

To address Sim-to-real gap, captures

the cost of mistakes while learning.




Example: Agronomy trials

e Similar fields (yellow cohort, orange cohort) = similar MDPs.

e A few practices you are uncertain about.
e Perform many trials , repeatedly in space and time.

e Each trial is costly: minimize cumulative errors .




OUTLINE

Value and regret
2] Complexity measures

3] ...



Notations

Markov Decision Process M = (S, A, r, p)
Reward distribution function r : S x A — P(R), and mean m: S x A — R.
State transition distribution function p: S x A — P(S).

% Each policy 7 : S — P(.A) induces a Markov chain M, = (S, ¥, px):

(Policy mean) mg(s) = > m(s, a)n(als),
acAs

(Policy transition) px(s’[s) = 254 p(s'|s, a)m(als),
acAs

(t-step transition)  pL(s’|s) = Px(st = s'|s1 = s).



Total /Discounted/Average Value

The cumulated value of policy w run for T steps from initial state s is

T T
VT,W(SI) = E[Z I’(St, at)] :mrr(sl) + (pﬂ'mﬂ')(sl) + .. ':Z(pfr_lmﬂ)(sl) .

t=1 t=1

where a; ~ m(st), ser1 ~ p(+|st, at), r(s, a) ~ r(s, a) with mean m(s, a).

For a policy 7, the total-average/average/discounted values are:

=P,M; Vy5 = PyrMy, where

00
a p’y,ﬂ':(l_’)/)zfytlfrl




Markov chain terminology

< mis lrreducible if all states are communicating under 7:

Vs,s' € 8,3t <oo: pL(s'|s) > 0.

% Mis Communicating if every pair of states commnunicate under @335 policy

Vs,s' € §,3r, It <o : pL(s’]s) > 0.

M is “Ergodic” if every pair of states commnunicate under m policies

VrVs,s' € S,,3t<oo: pL(s’]s) > 0.
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Example: Riverswim MDP

S=1{1,2,...,L}, A= {leftright}, p = 0.4 to reach right when go right.

Communicating , but not ergodic : policy going left is not irreducible (e.g.
not possible to reach state 4 starting from state 3)




Example: Gridworld MDP

S = { positions in the maze }, A = {up,down,left,right}, reward 1 in yellow
state, 0 else. Proba p = 0.9 to reach desired state.

Communicating , but not ergodic .




Example: Randomly Generated MDP

Generic Commmunicating MDP with stochastic transitions.

Communicating , usually not ergodic .




OUTLINE

1] Value and regret

Complexity measures
3] Fundamental quantities

4] ...
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Regret of learning agent

Set of (stationary) average-optimal policies:

@(M,Sl) = {71' cnl :Vﬂ-(sl) > mﬁwi(sl)}’

Learning while optimizing in a single stream of interaction.

The cumulated value of @ = (7¢): (that plays policy 7; at time t € [T]) is

T T t-1
V7ax(s1) = E[Z r(se, at)] = Z (( Pwt,> mm> (s1)
=1 t=1 t'=1

The cumulated regret of @ = (7¢): with respect to an optimal policy 7* is

Rr(w) = Via(s1) — Vrx(s1) where 7 € O(M)




Sample-complexity vs Regret minimization

Trajectory of the
learning algorithm

Trajectory of the i
optimal policy |

Deviations from
algorithm’s trajectory




Sample-complexity vs Regret minimization

Sample-complexity: Easy. Regret minimization: Easy.
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Sample-complexity vs Regret minimization

Sample-complexity: Easy. Regret minimization: Impossible
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Diameter

% The Diameter of an MDP is the largest shortest path (path with minimal
expected length) between any two states:

D(M) = max min E[min{t >1:s =s'}|s; = 5]

s,s’eS

« A finite, communicating MDP has finite diameter

< In grid-world type MDPs:

length of shortest path between maximally distant states

D(M
(M) = probability of reaching desired next state

E.g. River-swim D ~ L/p. Two-room MDP: D ~ 15/p




OUTLINE

1] Value and regret

2] Complexity measures
Fundamental quantities

4] Average value iteration

5] ...
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% Definition (gain)
The average value v; = p,m; is also called the gain , denoted g.
A gain optimal policy * satisfies g, = max g;.

™

0,

% Invariance prgr = g, thanks to the property:

57‘rp7‘r = p7r57r = pﬂ' s :pTr'

< The gainisa constant function of the initial state in a communicating MDP:
Vs, gr(s) = &
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+» Definition (Bias function)

[e.o]

S (P —p)me = [ — pr + Pr] 2 — Pelma,

t=1

Selectivity of g, vs b,

Red state absorbing with reward 1 (0 elsewhere).

All policies reaching red state satisfy

P-M; =g, =1 and are optimal.

b, tells how long 7 takes to reach it.

(Beyond: "Blackwell” optimality)




Bellman equation

Lemma (Bias and Gain)

(Poisson equation) b, =m; — g, + p:bx

< Similar to Bellman equation for b, except for additional g:

(Bellman equation) Vyr=m;+9p:Vqr
(Discounted Bellman equation) Vyr = (1—7y)Mz + 9PV
m; — g, = (| — p,)m; “similar to" (1 —y)m,

2

< Unlike Bellman equation, Poisson equation admits many solutions:

if b, then b, + c1 is also solution for all constant c.




The Span semi-norm

No contraction of the Bellman operator in the usual sense (|| - ||c0) !

< The span operator is

S(f) = max f(x)— min f(x)

elt satisfies S(f + c1) = S(f) for any constant c.
elt is a semi-norm.

% In some cases (see Bonus), contraction in S(-) (instead of || - ||0)
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Regret decomposition

% Sub-optimal gap (aka advantage function) is

A(s;a) = mu(s) + (p«bi)(s) — ma(s) — (pab,)(s)
Q(s,7(s)) — Q(s, a)

Pseudo-regret

Consider a communicating MDP and 7 = (7¢); policy

Rr(r) = Y EdNr(s,a)lA(s,) + ([Hpm ]b*)(sl).

s,a

pseudo-regret <S(by)

< Reminiscent of multi-armed bandits!
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Proof outline

t—1
I1 p=, (&= + (/
t'=1

—Pr)br))(s1).

T
) = 2
t=1 t=1

t'=1

When g, s, = g, (e.g. unichain optimal policy), then V7, (pr8.)(s1)

.
— &) + (I = Pr)(bs — br,)] ) (51)

Rr(m) tzl tH P, [(
T — are t
+> ( —pi - H pr, + |] pﬁt,]b*>(sl)
= it L
(S (Tl o)) ([ TToe, o7 )i

t=1

<S(by)




Proof outline Il

8« — &x(s) + (I — pr)(bs — br)(s)
m,(s) — m(s) + ([px — Px]b.)(s)
E-[A(s, a)].

T
Z[pﬂ'l Pry - - pﬂ'tflATrt](sl)
t=1

T
Z Z]Eﬂl,...m[A(s, a)H{St =S, A = a}]

s,a t=1

Z A(s,a)E[N7(s, a)].
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Span and Diameter

Assuming r is supported in [-B, B], S(by) < B x D(M)
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River Swim: Optimality

h*(85)
h* (54)
o W (ss) I

BT =T7p

w If rp, =0.01, g* = 0.43, sp(h*) = 6.4
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River Swim: Optimality

h*(se)

h*(s5)

h*(84)

span

BT =7R
w If rp, =0.01, g* = 0.43, sp(h*) =~ 6.4
w Ifrp, =04, g° =043, sp(h*) = 5.5
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River Swim: Optimality

h*(se)

h*(s5)

h*(84)

span

BT =7R
w If rp, =0.01, g* = 0.43, sp(h*) =~ 6.4
w Ifrp, =04, g° =043, sp(h*) = 5.5

D is constant

facebook Artificial Intelligence Research Lazaric



OUTLINE

1] Value and regret

2] Complexity measures

3] Fundamental quantities
Average value iteration

5] Bonus: Intrinsic contraction
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Value iteration

Given M, how do we compute 7 such that g, — g, < &7

27



Value iteration

Given M, how do we compute 7 such that g, — g, < &7

Value iteration computes a sequence of functions (un),en and policies
(7n)nen according to the following equations

upti(s) = max m(s, a) + (paun)(s), whereup =0
a

VneN
" Ts1(s) € Argmaxm(s, a) + (paun)(s).
acA

Tnt1 is called a up-improving policy (Greedy w.r.t. uy).

n

> (Pry - Prpy) e,

i=1




Value iteration errors

Average-gain guarantee? When to stop?

Value error control

Let € > 0 and n be such that g, — gx,,, <&. Then

Vit(s1) = Va,,7(51) < ber(s1)+eT+ S(bg,,,) -

(where b, 7 is T-step truncation of b,).

How to control S(by,,,)? How to ensure g, — g, < €7




Span is controlled by diameter

Lemma)

For all n (starting from up = 0), if rewards are bounded by 1,

S(un) < D(M), S(bx,) < D(M).

Sketch (informal):




Span is controlled by diameter

Lemma)

For all n (starting from up = 0), if rewards are bounded by 1,

S(un) < D(M), S(bx,) < D(M).

Sketch (informal):
eOtherwise Js1, s s.t. up(s1) — up(s2) > D, that is up(sp) < up(s1) — D.




Span is controlled by diameter

Lemma)

For all n (starting from up = 0), if rewards are bounded by 1,

S(un) < DM),  S(br,) < D(M).

Sketch (informal):

eOtherwise Js1, s s.t. up(s1) — up(s2) > D, that is up(sp) < up(s1) — D.
eHowever, it takes at most D steps to reach s, from s;, by some policy
TEast- Since rewards are bounded by 1, we loose at most D rewards by
following mE,s: from sy to reach s; then continue.

eThe value of such a combined policy is at least u,(s1) — D, and un(s2)
should be larger than this quantity by optimality.




Gain optimality of VI

How to ensure g, — gx,,, < €? Answer: stop when S(u,41 —u,) <€

Lemma [Sandwich bounds]

Vn €N, ﬁﬂ-nﬂ [un+1 - un] < 8rpy S 8 S ﬁ*[un—{—l - u"] :

Proof hint: g = m; + pzb; — b, = T;[bz] — b,

Corollary [Value and gain]

For each n, it holds g, — gx,., < S(upy1 — up).



OUTLINE

1] Value and regret

2] Complexity measures
3] Fundamental quantities
4] Average value iteration

Bonus: Intrinsic contraction
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Contraction

Value iteration usually relies on existence of a fixed point ...

% But under average-gain, there is no discount (v =1.)
Where is the contraction property?
Is value iteration converging at all (no discount) ?

Where is contraction of Bellman operator T.[f] = m; + p.f?

% It turns out, contraction property may hold w.r.t. to the Span operator S(f) =
maxy f(x) — miny f(x), instead of the || - ||« norm.
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Contraction properties

Lemma [Contraction in span semi-norm]

The Bellman operator has the following contraction property:
1 —_
vf,g €R®, S(T[f] - Txlg]) < Slpx(3) — p=(‘Is)IiS(F - &)

where  § = argmax,cgspr(f —g)(s), s =argmin,gsp~(f—g)(s).

< Further,

%llpw('lg) —Pr([s)l1 =1~ D min(px(s'[s), pr(s|s))
s’'eS

The higher the probability of reaching same states from 5 and s, the more con-
traction.




Contraction as coalescence

< The higher the probability of coalescing from two different states,
the more contraction .

Remark: In discounted MDP | 1 — ~ interprets as probability to reach same

external state | from any state: all policies coalesce in a single step.




Intrinsic contraction coefficient

Definition [Policy contraction coefficient]

We define the one step and multi-step contraction coefficients as:

b K - 1l i
VK, Yrk = g}g§§|\l’n('|51) —pr(le)[1 =1~ min > min(px(s'[s1), psi(s']s2))

s'eS

< In particular

krey Tk < . Kleais
S(Tr[f] - Trlg]) < KE{T’I_Qk}’VW,zS(f g)

Suggests multi-step analyses min{k : v, x < 1}.
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OUTLINE

1] Value and regret

2] Complexity measures
3] Fundamental quantities
4] Average value iteration

5] Bonus: Intrinsic contraction

34



M
™
M
M
M
M
M

Self-check

Regret-minimization in MDPs.
Communicating vs Ergodic MDPs.
Invariant probability measure .

Poisson equation , gain g, bias b.
Diameter D(M), Span semi-norm S(.)

Average-value iteration convergence and stopping criterion.

Intrinsic contraction , coalescence: No discount is ok.
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